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Introduction

N ONLINEAR predictive control law was recently applied to
control of aerospace systems such as aircraft, missiles, and

spacecraft.1;2 In particular,the spacecraftlarge-anglemaneuvercon-
trol law as well as a � ltering problem were investigated.3 The key
principle of predictive control is to generate a future reference tra-
jectory and design a control input so that the trajectory of an actual
system follows that of the reference system. Predictive control is
known to have certain favorable properties such as nonlinear track-
ing of arbitrary reference trajectory given one step ahead and track-
ing under actuator saturation.

Crassidis et al. applied the predictive control technique to three-
axis spacecraft attitude control.3 Quaternion attitude parameter and
angular velocity of spacecraft body axes were taken as controlled
variables. In previous studies, disturbanceinput was not considered
and only control inputwas taken as a design parameter.A cost func-
tion as a weighted combination of output error energy and control
input energy was established.1;3 Predictive control laws under the
presenceof external disturbanceshave been studied.4;5 The H2=H1
control law with disturbance sources was addressed in Ref. 5. An
optimal control law under worst-case disturbance was derived.5

In this Note, a predictive control law design is addressed in con-
juncition with the worst-case disturbance input estimate for space-
craft attitude maneuver. This study is an extension of the previous
work1;3; it explicitly includesexternal disturbance in the system dy-
namics and the cost function. The optimal control input and worst-
case disturbance are derived simultaneously. The resultant control
law therefore accommodates disturbance for better pointing per-
formance. An adaptive weighting parameter selection strategy is
proposed for estimation of the actual disturbance input. For atti-
tude representation, the modi� ed Rodrigues parameter (MRP) is
employed instead of quaternion.3 The MRP is a minimal parameter
set, but with 360-deg singularity.6

Problem Statement and Equations of Motion
First, the governing equation of motion and attitude kinematics

are described. Euler’s governing equation of motion for a perfectly
rigid spacecraft model is described as

J PO! D O! £ .J O!/ C u C d (1)

where J is the system inertia matrix, O! is angular velocity vector, u
is control input vector, and d is a disturbance input vector.

For attitude representation, the MRP is employed, whereas the
quaternion is used in Ref. 3. Recent attitude representation meth-
ods have adopted the MRP.6 The MRP is a minimal set with three
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parameters only compared with the quaternion. MRP is de� ned as

p D q13=.1 C q4/ D n tan.Á=4/ (2)

where p D [p1; p2; p3]T is a 3 £ 1 vector, n is the vector of
Euler’s principalaxis, and Á representsEuler’s principalangle in the
principalaxis rotation theorem.The quaternionparameters (q13; q4)
are de� ned as
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¶
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The kinematic equations of motion of MRP are expressed as6

Pp D 1
4

©
.1 ¡ pT p/I3 £ 3 C 2[p£] C 2ppT

ª
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From the de� nition in Eq. (2), the MRP is subject to singularity
in rotation of more than 360 deg. A strategy of switching to the
so-called shadow set of MRPs can be employed to overcome the
singularity problem.6

Feedback Control Law Design
In this section, a predictive controller design technique under

external disturbance is presented. Because the performance of the
controlled system is sensitive to disturbance, the controller design
should take the disturbance into account for precision pointing.The
disturbance source may not be known exactly in general. In this
study, the control law is designedagainst the worst-casedisturbance
input.

Let us consider a nonlinear system represented in the following
form:

Px D f .x/ C G.x/u.t/ C D.x/d.t/ (7)

y.t/ D c.x/ (8)

where x.t/ 2 Rn is a state vector, u.t/ 2 R p is a control input vec-
tor, d.t/ 2 Rn is the external disturbance input, and y.t/ 2 Rm is the
systemoutputvector; G.x/ : Rn ! Rn £ p is a control input distribu-
tion matrix, D.x/ : Rn ! Rn £ q is a disturbancedistributionmatrix,
and c.x/ : Rn ! Rn £ p is a measurement vector, respectively. The
disturbance distribution matrix (D.x/) is assumed to be identi� ed
exactly. In general, the disturbance itself is not exactly identi� ed.

As the � rst step of the predictive control, the output function in
Eq. (8) at time t C 1t is represented in terms of other variables at
time t by Taylorseriesexpansion.Using theLie derivativenotations,
the following relationship is obtained:

y.t C 1t/ ’ y.t/ C w[x.t/; 1t ] C 3.1t/8G.x/u.t/

C 3.1t/8D.x/d.t/ (9)

where w.x.t/; 1t/ 2 Rm is also written in terms of the Lie
derivative1;3:

wi [x.t/; 1t ] D
°iX

k D 1

1t k

k!
Lk

f .ci / (10)

Note that °i ; i D 1; 2; : : : ; m is the order of derivativeof ci [x.t/] for
which the control input appears explicitly for the � rst time. L k

f .ci /
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is the kth-order Lie derivative satisfying1;3

L k
f .ci / ´ ci for k D 0 (11)

Lk
f .ci / ´

@L k ¡ 1
f .ci /

@x
f for k ¸ 1 (12)

where 3.1t/ 2 Rm £ m is a diagonal matrix with diagonal compo-
nents given as1;3

¸ii D 1t °i =°i !; i D 1; 2; : : : ; m (13)

In addition, both 8G.x.t// 2 Rm £ p and 8D.x.t// 2 Rm £ q can be
de� ned in terms of matrices with the row elements3 as
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for which the Lie derivatives satisfy
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¤
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¤
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D j ; j D 1; 2; : : : ; q (17)

For the control law design, a cost function is de� ned � rst as a
weighted combination of squares of tracking error, control input,
and external disturbance.The cost function is a Lyapunov function
given in the form

J [u.t/; d.t/] D [~y.t C 1t/ ¡ y.t C 1t/]T Q[~y.t C 1t/

¡ y.t C 1t/] C uT .t/Ru.t/ ¡ dT .t/Hd.t/ (18)

where Qy.t C 1t/ is the desired output at time t C 1t ;
Q 2 Rm £ m; R 2 R p £ p , and H 2 Rq £ q represent positive de� nite
weightingmatriceson each term. The cost function is differentfrom
that of previous studies.1;3 In the previous cases, only the control
input was considered in the cost function. For a � ltering problem,
modeling error was solely employed in the cost function. Note that
a negative sign is assigned to the weighted square of the distur-
bance so that the larger the disturbance is, the more control input
is required. The cost function, therefore, corresponds to a typical
minimax problem in the differential game theory. The control input
and disturbancecon� ict with each other for the given cost function.
Namely, the control input should compensate the output error as
well as the disturbance.

Now using the given cost function, partial derivatives are taken
with respect to d and u. This operation is targeted to � nd the opti-
mal control and worst-case disturbancesimultaneously in the sense
of a minimax optimization problem. Simple algebra starting from
@ J=@u D 0; @ J=@d D 0 yields an optimal predictive control com-
mand and the worst-case disturbance, respectively:

µ
u¤.t/

d¤.t/

¶
D

µ
AGG BG D

BDG AD D

¶¡1 µ
CG

CD

¶
(19)

where d¤.t/ represents the worst-case disturbance estimated, and
each parameter is given as

Ai j D [3.1t/8i .x/]T Q[3.1t/8i .x/] C M

Bi j D [3.1t/8i .x/]T Q[3.1t/8i .x/]

Ci D [3.1t/8i .x/]T Q[Qy.t C 1t/ ¡ y.t/ ¡ z.x; 1t/] (20)

where the subscriptsare arranged in such a way that if i ´ G, j ´ D,
then M ´ R, and if i ´ D, j ´ G , then M ´ ¡H . Equation (19) indi-
cates that the � nal control law dependson the estimated disturbance

coupled with system and weighting parameters. The control law is
essentially close to that of Ref. 5, where the worst-case disturbance
was handled by the H2=H1 approach. The estimated disturbance
d¤ is not the actual one, but it is implicitly related to the actual dis-
turbance d through the output y. The estimated disturbance d¤ is
not directly used for the control command synthesis. It is just an
estimation of the actual disturbance d, which is generally unknown
and actually activated during the simulation. But the control com-
mand may compensated¤ for betterpointingaccuracyfor which the
estimated disturbance is matched with the actual one via weighting
parameters adaptation, which is explained later.

Scalar System Example
To have better understandingof the relationshipbetween the con-

trol input and disturbance, we examine the proposed method for a
scalar system. Consider a nonlinear scalar system expressed as

Px D ¡xjx j C Gu.t/ C Dd.t/ (21)

y D x (22)

where G and D are assumed constant for convenience. From the
formulation in Eq. (9), it can be written as follows:

y.t C 1t/ D y.t/ ¡ 1tjx jx C 1tGu C 1t Dd (23)

Furthermore, from Eq. (21) the predictivecontrol command and the
worst-case disturbance input are derived as

u¤.t/ D K1.1=1tG/[ Qy.t C 1t/ ¡ y.t/ C 1t jx jx] (24)

d¤.t/ D ¡K2.1=1t D/[ Qy.t C 1t/ ¡ y.t/ C 1t jx jx] (25)

where

K1 D 1t 2 QG2 H

H R C 1t 2 Q.G2 H ¡ D2 R/

K2 D 1t 2 Q D2 R

H R C 1t 2 Q.G2 H ¡ D2 R/
(26)

The worst-case disturbance is affected by the actual disturbance
through the output y.t/ and the gain parameter K2 . The control
command is also affectedby d¤ and the gain parameters.The control
gains K1 and K2 can be selectedby adjusting the design parameters.
The terms inside the bracket can be approximated as

Qy.t C 1t/ ¡ y.t/ C 1t jx jx ’ e.t/ C 1t Pe.t/ (27)

where e.t/ D Qy.t/ ¡ y.t/. Thus, the � nal control law is a negative
feedback form, and the disturbance acts against the control com-
mand for positive values of K1 and K2 . Examination of the system
stability is performed by substituting Eq. (23) into Eq. (24). A suf-
� ciently small R for large control input and small 1t are assumed.
Consequently, we arrive at

Pe.t/ D ¡e.t/=1t ¡ Dd.t/ (28)

The tracking performance is thus subject to the disturbance. If the
external disturbance is not present, the output error tends to asymp-
totically converge to zero with R D 0.1

Because there are three parameters (Q; R; H ) to be determined,
the parameter selection strategy is not unique. If K1 and K2 are set
to unity, it follows that

1t 2 Q D R=G2 D H=D2 (29)

Because G and D are given system matrices, H and R are deter-
minedby specifying1t and Q. SubstitutionofEq. (28)with Eq. (29)
into Eq. (25) provides a useful relationship:

lim
t ! 1

d¤.t/ D d.t/

That is, the worst-case disturbance approaches the actual distur-
bance with the adaptation law in Eq. (29).
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Adaptive Weighting Matrices
For the selection of appropriate weighting parameters, a proce-

dure similar to the scalar example can be applied to the general
system. The weighting matrices (Q; R) then satisfy the following
adaptation law:

3Q3 D 8¡T
G R8¡1

G D 8¡T
D H8¡1

D (30)

or

R.1t ; x/ D 8T
G .x/3.1t/Q3.1t/8G .x/

H .1t; x/ D 8T
D.x/3.1t/Q3.1t/8D.x/ (31)

The control law and estimated disturbance are then rewritten as

u¤.t/ D R.1t; x/¡18T
G .x/3.1t/Q[Qy.t C 1t/ ¡ y.t/ ¡ w.x; 1t/]

d¤.t/ D ¡H .1t; x/¡18T
D.x/3.1t/Q[Qy.t C 1t/ ¡ y.t/ ¡ w.x; 1t/]

(32)

or

u¤.t/ D [3.1t/8G.x/]¡1[Qy.t C 1t/ ¡ y.t/ ¡ w.x; 1t/]

d¤.t/ D ¡[3.1t/8D.x/]¡1[Qy.t C 1t/ ¡ y.t/ ¡ w.x; 1t/] (33)

From Eq. (32) one can see that the control and disturbanceweight-
ing matrices are functions of control update time and output error
weightingmatrices. Moreover,because8G and 8D are functionsof
state variables, the weighting parameters need to be updated adap-
tively at every time step. This leads to asymptotic convergence of
the estimated worst-case disturbance to the actual one.

Application to Spacecraft Attitude Control
To apply the control algorithm to the spacecraft attitude control

problem, the state vector is introduced as x D [ p O!]T and the gov-
erning equations of motion are

µ
Pp
PO!

¶
D

µ
F . p/ O!

J ¡1[J O!£] O!

¶
C

µ
0

J ¡1

¶
u.t/ C

µ
0

D

¶
d.t/ (34)

The output equation is prescribed as3

y D x (35)

Applying the predictive control theory yields °i D 2 for i D 1; 2; 3
and °i D 1 for i D 4; 5; 6 and, in addition,

w D
µ

wp

w!

¶
(36)

where

wp D
©
1t F. p/ C .1t 2=2/

£
M F. p/ C F. p/J ¡1[J O!£]

¤ª
O!

w! D 1t J ¡1[J O!£] O! (37)

The matrices de� ned in Eqs. (13–15) are given by

3.1t/ D

2

4
1t 2

2
I3 £ 3 0

0 1t I3 £ 3

3

5 (38)
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D
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¶
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µ
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D
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D

µ
F. p/D

D

¶
(39)

where the parameter M is represented in terms of the MRP as

M D 1
2

2

64
pT O! [¡p2 p1 1] O! [¡p3 ¡1 p1] O!

[¡p2 p1 ¡1] O! pT O! [1 ¡p3 p2] O!
[p3 1 ¡p1] O! [¡1 p3 ¡p2] O! pT O!

3

75

D

2

4
M1

M2

M3

3

5 (40)

Because MRP is used instead of the quaternion3 in this study the
controllerparametersare different.Finally, the control law synthesis
and the worst-case disturbance for the three-axis attitude maneuver
with the MRP as attitude parameters can be accomplished from
Eq. (33) by combining Eqs. (36–40).

For validation of the control law, a sample simulation run is con-
ducted. The mass moment of inertia of the spacecraft, the con-
trol input, and the disturbance distribution matrices are given by
J D diag.20; 10; 15/ (kg ¢ m2 ), G D J ¡1; D D 0:2I3 £ 3 . Weighting
parameters for each term in the cost function are assumed as

H D 0:5I3 £ 3; R D 0:5I3 £ 3; Q D
µ

qp I3 £ 3 03 £ 3

03 £ 3 q! I3 £ 3

¶

where qp D 10 and q! D 5. The control input is made boundedup to
§0:1 Nm. The total simulation time is set to 900 s, and the control
update time is 1.0 s. Initial errors are imposedbetween the reference
and actual systems.

First, the reference trajectory for MRPs is generated correspond-
ing to a large-angle attitude maneuver. The actual disturbance in-
put acting on the spacecraft body is displayed in Fig. 1. Figure 2

Fig. 1 Actual external disturbances.

Fig. 2 Attitude tracking error responses for MRPs.
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Fig. 3 Actual and estimated disturbance histories.

shows attitude (MRP) tracking error between reference and actual
trajectories.Satisfactory trackingperformancefor the reference tra-
jectories after about 100 s is achieved. The tracking error with the
disturbance-estimation technique was as low as an order of 10¡3

in MRPs. The actual disturbance and estimated disturbance by the
adaptive weighting parameter strategy [Eq. (30)] are presented in
Fig. 3. Without the adaptation scheme, there exists a scale factor
error between the actual and the worst-case estimated disturbances.
The simulationresults in Fig. 2 also show that the time responsewith
estimation of the disturbanceleads to better performancecompared
to the case without estimation.

Conclusions
An extensionof the predictivecontrolapproachhas beenmade by

explicitlyincludingexternaldisturbancewith attituderepresentation

by MRP. The control law design re� ects the worst-case disturbance
input in the sense of the minimax game problem. Desired tracking
performanceisachievedby theproposedcontrollaw. The worst-case
disturbance information is used to estimate the actual disturbance
by using an adaptive weighting parameter selection strategy. The
new predictive control approach was found to be applicable to the
spacecraftattitudemaneuvercontrolunder externaldisturbanceand
achieved the desired performance.
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